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Abstract 

A Poisson line tessellation is observed in the window Wp := for p > 0. With 

each cell of the tessellation, we associate the inradius, which is the radius of the largest ball contained 
in the cell. Using Poisson approximation, we compute the limit distributions of the largest and 
smallest order statistics for the inradii of all cells whose nuclei are contained in Wp as p goes to 
infinity. We additionally prove that the limit shape of the cells minimising the inradius is a triangle. 
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1 Introduction 


The Poisson line tessellation Let X be a stationary and isotropic Poisson line process of intensity 
7 = TT in endowed with its scalar product (•, •) and its Euclidean norm | • |. By A, we shall denote 
the set of affine lines which do not pass through the origin 0 G R^. Each line can be written as 

iL(M, f) ;= I a; G R^, {x,u)=t'^, (1) 


for some < G R, u G S, where S is the unit sphere in R^. When f > 0, this representation is unique. 
The intensity measure of X is then given by 



^Hiu,r)ee dra{du), 


( 2 ) 


for all Borel subsets £ C A, where A is endowed with the Fell topology (see for example Schneider and 
Weil [21], p563) and where ct(-) denotes the uniform measure on S with the normalisation fT(S) = 27r. 
The set of closures of the connected components of R^ \ X defines a stationary and isotropic random 
tessellation with intensity yF) = tt (see for example (10.46) in Schneider and Weil [21]) which is the 
so-called Poisson line tessellation, ttIpht- By a slight abuse of notation, we also write X to denote the 
union of lines. An example of the Poisson line tessellation in R^ is depicted in Figure 1. Let B{z,r) 
denote the (closed) disc of radius r G R+, centred at z G R^ and let K. be the family of convex bodies 
(i.e. convex compact sets in R^ with non-empty interior), endowed with the Hausdorff topology. With 
each convex body K G /C, we may now define the inradius, 

r{K) := sup | r : B{z, r) C K, z G R^, r G R+ |. 

When there exists a unique z' G R^ such that B{z', r{K)) C K, we define z{C) := z' to be the incentre 
of K. If no such z' exists, we take z{K) := 0 G R^. Note that each cell C G rripHT has a unique z' 
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Figure 1: A realisation of the Poisson line tessellation truncated to a window. 


almost surely. In the rest of the paper we shall use the shorthand B{K) B{z{K), r{K)). To describe 
the mean behaviour of the tessellation, we recall the definition of the typical cell as follows. Let W be 
a Borel subset of such that X^iW) G (0,oo), where A 2 is the 2-dimensional Lebesgue measure. The 
typical cell C of a Poisson line tessellation, itIpht is a random polytope whose distribution is characterised 

by 


E[/(C)] 


1 

7rA2(IF) 


• E 


^ f{C-z{C)) 

C G nipHT j 
z{C)^W 


(3) 


for all bounded measurable functions on the set of convex bodies f'-K. —>■ R. The typical cell of 
the Poisson line tessellation has been studied extensively in the literature, including calculations of 
mean values [15, 16] and distributional results [2] for a number of different geometric characteristics. 
A long standing conjecture due to D.G. Kendall concerning the asymptotic shape of the typical cell 
conditioned to be large is proved in Hug et al. [12]. The shape of small cells is also considered in 
Beermann et al. [1] for a rectangular Poisson line tessellation. Related results have also been obtained 
by Hug and Schneider [11] concerning the approximate properties of random polytopes formed by the 
Poisson hyperplane process. Global properties of the tessellation have also been established including, 
for example, central limit theorems [8, 9]. 

In this paper, we focus on the extremal properties of geometric characteristics for the cells of a 
Poisson line tessllation whose incentres are contained in a window. The general theory of extreme 
values deals with stochastic sequences [10] or random fields [14] (more details may be found in the 
reference works by de Haan and Ferreira [6] and Resnick [19].) To the best of the authors’ knowledge, it 
appears that the first application of extreme value theory in stochastic geometry was given by Penrose 
(see Ghapters 6,7 and 8 in Penrose [17]). More recently, Schulte and Thale [23] established a theorem to 
derive the order statistics of a general functional, fk{xi ,..., Xk) of k points of a homogeneous Poisson 
point process, a work which is related to the study of [/-statistics. Galka and Ghenavier [3] went on 
to provide a series of results for the extremal properties of cells in the Poisson-Voronoi tessellation, 
which were then extended by Ghenavier [5], who gave a general theorem for establishing this type of 
limit theorem in tessellations satisfying a number of conditions. Unfortunately, none of these methods 
are directly applicable to the study of extremes for the geometric properties of cells in the Poisson line 
tessellation, due in part to the fact that even cells which are arbitrarily spatially separated may share 
lines. 
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Potential applications We remark that in addition to the classical references, such as the work 
by Goudsmit [7] concerning the trajectories of particles in bubble chambers, a number of new and 
interesting applications of random line processes are emerging in the field of Computer Science. Recent 
work by Plan and Vershynin [18] concerns the use of random hyperplane tessellations for dimension 
reduction with applications to high dimensional estimation. Plan and Vershynin [18] in particular 
point to a lack of results concerning the global properties of cells in the Poisson line tessellation in 
the traditional stochastic geometry literature. Other interesting applications for random hyperplanes 
may also be found in context of locality sensitive hashing [4]. We believe that our techniques will 
provide useful tools for the analysis of algorithms in these contexts and others. Finally, we note that 
investigating the extremal properties of cells could also provide a way to describe the regularity of 
tessellations. 


1.1 Contributions 

Formally, we shall consider the case in which only a part of the tessellation is observed in the window 
Wp := B (0,for p > 0. Given a measurable function /: /C —?► R satisfying f(C + x) = /(C) 
for all C G /C and x G R^, we consider the order statistics of /(C) for all cells C G ttIpht such that 
z{C) G Wp in the limit as p —>■ oo. In this paper, we focus on the case /(C) := R{C) in particular 
because the inradius is one of the rare geometric characteristics for which the distribution of f(C) can be 
made explicit. More precisely, we investigate the asymptotic behaviour of mwp[r] and Mwp[r], which 
we use respectively to denote the inradii of the r-th smallest and the r-th largest inballs for fixed r > 1. 
Thus for r = 1 we have 


iTi'w [1] = min R{C) and Mw [1] = max R{C). 

^ CenipHT, ^ GeiTipHT, 

z(C)GWp z(C)GWp 


The asymptotic behaviours of mwp [?'] and Mwp [r] are given in the following theorem. 

Theorem 1. Let ttIpht be a stationary, isotropie Poisson line tessellation in R^ with intensity tt and 
let r >1 be fixed, then 

(i) for any t > 0, 

P (mWpH > (27r2p)-4) e-‘ £ 

^ ^ k=0 


(a) for any t G R, 


P 


MwpH < — (log(p) + t) 




E 


(e-*)'= 

k\ 


When r = 1, the limit distributions are of type II and type III, so that mWp [1] and Mwp [1] belong 
to the domains of attraction of Weibull and Gumbel distributions respectively. The techniques we 
employ to investigate the asymptotic behaviours of mw [r] and Mw [r] are quite different. For the 
cells minimising the inradius, we show that asymptotically, mWp [?'] has the same behaviour as the r-th 
smallest value associated with a carefully chosen [/-statistic. This will allow us to apply the theorem in 
Schulte and Thale [22]. The main difficulties we encounter will be in checking the conditions for their 
theorem, and to deal with boundary effects. The cells maximising the inradius are more delicate, since 
the random variables in question cannot easily be formulated as a [/-statistic. Our solution is to use 
a Poisson approximation, with the method of moments, in order to reduce our investigation to finite 
collections of cells. We then partition the possible configurations of each finite set using a clustering 
scheme and conditioning on the inter-cell distance. 
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The shape of cells with small inradius It was demonstrated that the cell which minimises the cir- 
cumradius for a Poisson-Voronoi tessellation is a triangle with high probability by Calka and Chenavier 
[3]. In the following theorem we demonstrate that the analogous result holds for the cells of a Poisson 
line tessellation with small inradius. We begin by observing that almost surely, there exists a unique 
cell in tUpHT with incentre in Wp, say Cwpl?”], such that R{C'Wp[r]) = m'Wp[r]- We then consider the 
random variable n{C-w [?’]) where, for any (convex) polygon P in R^, we use n{P) to denote the number 
of vertices of P. 

Theorem 2. Let ttipht be a stationary, isotropie Poisson line tessellation in with intensity tt and 
let r >1 be fixed, then 

f ( n {'•(Cw.W) = 3}) 

Remark. The asymptotic behaviour for the area of all triangular cells with a small area was given in 
Corollary 2.7 in Schulte and Thale [23]. Applying similar techniques to those which we use to obtain 
the limit shape of the cells minimising the inradii, and using the fact that 

P(A2(C) < u) < P {R{C) < (7r-iu)i/2) 

for all u > 0, we can also prove that the cells with a small area are triangles with high probability. As 
mentioned in Remark 4 in Schulte and Thale [23] (where a formal proof is not provided), this implies 
that Corollary 2.7 in Schulte and Thale [23] makes a statement not only about the area of the smallest 
triangular cell, but also about the area of the smallest cell in general. 

Remark. Our theorems are given specifically for the two dimensional case with a fixed disc-shaped 
window, Wp in order to keep our calculations simple. However, Theorem 1 remains true when the 
window is any convex body. We believe that our results concerning the largest order statistics may 
be extended into higher dimensions and more general anisotropic (stationary) Poisson processes, using 
standard arguments. For the case of the smallest order statistics, these generalisations become less 
evident, and may require alternative arguments in places. 

1.2 Layout 

In Section 2, we shall introduce the general notation and background which will be required throughout 
the rest of the paper. In Section 3, we provide the asymptotic behaviour of mWp]?'], proving the first 
part of Theorem I and Theorem 2. In Section 4, we establish some technical lemmas which will be used 
to derive the asymptotic behaviour of Mwp [f"]. We conclude in Section 5 by providing the asymptotic 
behaviour of Mwp [j’], finalising the proof of Theorem 1 . 


2 Preliminaries 

Notation 

• We shall use Po(t) as a place-holder for a Poisson random variable with mean r > 0. 

• For any pair of functions f,g'. R — > R, we write f{p) ~ g{p) and f{p) = 0{g{p)) to respectively 

p—>-oo 

mean that f{p)/g{p) —>■ 1 as p —> oo and f{p)/g{p) is bounded for p large enough. 

• By S(R2) we mean the family of Borel subsets in R^. 

• For any A G B(R^) and any x € R^, we write x+A := {x+y '■ y € A} and d{x, A) := inf^g^ \x—y\. 

• Let if be a measurable set and AT > 1. 
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— For any iF-tuple of points xi,..., xk G E, we write xi-k '■= (a^i,..., xk)- 

— By , we mean the set of iF-tuples of points Xi-,k such that Xi yf Xj for al\l < i ^ j < K. 

— For any function /: E ^ F, where F is a set, and for any A C F, we write /{xi-.k) G ^ to 
imply that f{xi) G A for each 1 < i < K. In the same spirit, f{xi-K) > v will be used to 
mean that f{xi) > v given G R. 

— If is a measure on E, we write v{dxi-K) '■= i^{dxi) ■ • • v{dxK)- 

• Given three lines ^ 1,3 G in general position (in the sense of Schneider and Weil [21], pl28), 

we denote by A(iJi: 3 ) the unique triangle that can be formed by the intersection of the halfspaces 
induced by the lines Hi, H 2 and H 3 . In the same spirit, we denote by R{Hi: 3 ) and 

z{Hi-, 3 ) the inball, the inradius and the incentre of A{Hi-, 3 ) respectively. 

• Let iF G /C be a convex body with a unique inball B{K) such that the intersection B{K) n K 
contains exactly three points, xi,X 2 ,X 3 . In which case we define Ti,T 2 ,T 3 to be the lines tangent 
to the border of B{K) intersecting xi,X 2 ,X 3 respectively. We now define A(K) := A(ri: 3 ), 
observing that B{A{K)) = B{K). 

• For any line H G A, we write H~^ to denote the half-plane delimited by H and containing 0 G . 
According to (1), we have H^{u, t) := {x G '■ {x,u) < t} for given t > 0 and it G S. 

• For any A G we take A{A) c A, to be the set A{A) := {H G A ■ H O A 0}. We also 

define 4>'. S(R^) —> R+ as 


(l){A) := ^l{A{A)) = 


lA(A) 


tHnA^0l^{dH) = E #{RGX:RnAy^ 0 } 


(4) 


Remark. Because X is a Poisson process, we have for any A G B{Y{?) 

P (x n A = 0 ) = P (#X n A{A) = 0 ) = (5) 

Remark. When A G B(R^) is a convex body, the Crofton formula (Theorem 5.1.1 in Schneider and 
Weil [21]) gives that 

</>(A)=£(A), ( 6 ) 

where £(A) denotes the perimeter of A. In particular, when A = B{z,r) for some z G R^ and r > 0, 
we have (j){B{z, r)) = fj, {A{B{z, r))) = 2Trr. 


A well-known representation of the typical cell The typical cell of a Poisson line tessellation, 
as defined in (3), can be made explicit in the following sense. For any measurable function /: /C —^ R, 
we have from Theorem 10.4.6 in Schneider and Weil [21] that 


E[/(C)] 





C(x,ui,3,r)) 


e ^""’'a(ui-. 3 ) cr(dui: 3 )dr, 


where 


(x,ui:3,r) := Pi < 

\ H+nf]H+{uy,r)\ 

Hexn{A(B{o,r)))’= 

i=i ^ 


(7) 

( 8 ) 


and where a(iti: 3 ) is taken to be the area of the convex hull of {iti, U 2 , U 3 } C S when 0 G R^ is contained 
in the convex hull of {ui, U 2 , U 3 } and 0 otherwise. With standard computations, it may be demonstrated 
that Jg 3 a(ui: 3 ) cr(dui: 3 ) = so that when /(C) = R{C), we have the well-known result 

P(i?(C) < u) = 1 - for all i; > 0. (9) 
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We note that in the following, we occasionally omit the lower bounds in the ranges of sums and 
unions, and the arguments of functions when they are clear from context. Throughout the paper we 
also use c to signify a universal positive constant not depending on p but which may depend on other 
quantities. When required, we assume that p is sufficiently large. 


3 Asymptotics for cells with small inradii 

3.1 Intermediary results 

Let r > 1 be fixed. In order to avoid boundary effects, we introduce a function q{p) such that 

log p ■ q{p) ■ p~‘^ —S> 0 and {q{pY^‘^ — p^^^\ — elogp —+oo (10) 

p—^OQ \ / p—>-00 


for some £ > 0. We also introduce two intermediary random variables, the first of which relates 
collections of 3-tuples of lines in X. Let mw^[r] represent the r-th smallest value of over all 

3-tuples of lines ili :3 G such that z(ili: 3 ) G Wp and A(iJi: 3 ) C Wg(p). Its asymptotic behaviour is 
given in the following proposition. 

Proposition 3. For any r > 1 and any t > 0, 


P (mwp H > (27r^p) 


p—^OO 


e 




k=0 


t’^ 

W 


The second random variable concerns the cells in ttIpht- More precisely, we define 7TiWp[r] to be the 
r-th smallest value of the inradius over all cells C G tUpht such that z{C) G Wp and A(C') C '^q{p)- We 
observe that m-vy, [r] > mwp ["c] and mwp [t] > wwp [’’] • Actually, in the following result we show that 
the deviation between these quantities is negligible as p goes to infinity. 


Lemma 4. For any fixed r > 1, 

(i) P {mw [r] ^ m-w [r]) —0, 

(u) P (mWpH 7^ mWpH) —^ 0- 

As stated above, Schulte and Thale established a general theorem to deal with A-statistcs (Theorem 
1.1 in Schulte and Thale [23]). In this work we make use of a new version of their theorem (to appear 
in Schulte and Thale [22]), which we modify slightly to suit our requirements. Let g'. —?► R be 

a measurable symmetric function and take rng^-w^[r] to be the r-th smallest value of g^Hi-s) over all 
3-tuples of lines iLi :3 G X^ such that z{F[i.,^) G Wp and A(iLi:) C ^q(p) (for g{p) as in (10).) We now 
define the following quantities for given a,t > 0. 


Q lA(ffi:3)CW,(p) KdHi-.s), 


(11a) 


■- lz(iri:3)eWp lA(/ri:3)CW,(p) lg(ffi:3)<p-“i ^(^^^^2:3)^ pidHi), (11b) 

^P®2(^) ■= lz(ffi:3)6Wp 1 a(//i:3)CW,(p) (ff 1 :3)<p-“* PidHs)^ /x(diJi:2). (11c) 


6 


Theorem 5 (Schulte and Thale). Let t > 0 be fixed. Assume that ap{t) eonverges to at^ > 0, for some 
a, P > 0 and Vp i{t),rp 2 {t) —> 0, then 

’ ’ /9—>-00 



Remark. Actually, Theorem 5 is stated in Schulte and Thale [22] for a Poisson point process in more 
general measurable spaces with intensity going to infinity. By scaling invariance, we have re-written 
their result for a fixed intensity (equal to tt) and for the window Wq(p) = i?(0,with 
p —> oo. We also adapt their result by adding the indicator function Ilz(//^. 3 )gw to (11a), (11b) and 
(11c). 


Proofs for Proposition 3, Lemma 4, Theorem 1, Part (i) and Theorem 2 

Proof of Proposition 3. Let t > 0 be fixed. We apply Theorem 5 with g = R and a = 1. First, we 
compute the quantity apff) ;= ap^\t) as defined in (11a). Applying a Blaschke-Petkantschin type 
change of variables (see for example Theorem 7.3.2 in Schneider and Weil [21]), we obtain 


ap{t) 




a(Mi:3)lzGWp lz-i-rA(ff(tii),ff(u 2 ),ff(ti 3 ))cw,(p, lr<p-it (r{dui.fi)drdz 
a(wi:3)lzGWi l2+rp-3/2A(ff(iii),H(«2),J^(’i3))cw,(p)/p '^r<t a{dui..3)drdz. 


We note that the normalisation of pi, as defined in Schneider and Weil [21], is such that pi = 
where p is given in (2). It follows from the monotone convergence theorem that 


p’:;^ 24 , 


'R2 jo 


/S3 


i(mi:3)1zgWi ^r<t a{dui,3)drdz = 27r^t 


( 12 ) 


since A 2 (Wi) = 1 and /g 3 a(wi: 3 ) a{dui, 3 ) = 487r^. We must now check that 


rp,2{t) 


p—¥00 

p—>-oo 


0 , 

0 , 


(13) 

(14) 


where rp^i{t) ;= rp^^(t) and rp^ 2 {t) •= defined in (11b) and (11c). 

Proof of Convergence (13). Let be fixed and define 


Gp{Hi) / lz(Ri,3)GWp 1a(Ri,3)cw,(p) '^R(Hi..3)<p-H KdH^-.s)- 

Bounding lA(jri. 3 )cWp(p) by 1, and applying Lemma 12, Part (i) (given in appendix) to R := p~^t, 
R' := Tr~^Gpil'^ and z' = 0, we get for p large enough 

Gp{Hi) < c ■ p“^'^^ld(o.Hi)<pi /2 ■ 

Noting that rpp(t) = J^Gp{Hi)^p{dHi), it follows from (2) that 

rp,i{t) <c-p~^ / ld(o,Ri)<pi /2 p{dHi) 

Ja 

= (15) 

□ 
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Figure 2: Construction of double cone for change of variables. 


Proof of Convergence (14). Let Hi and H 2 be such that Hi intersects H 2 at a unique point, v{Hi: 2 ). 
The set Hi U H 2 divides into two double-cones with supplementary angles, Ci{Hi- 2 ), 1 < * < 2 (see 
Figure 2.) We then denote by 0i(iLi:2) G [0, |) the half-angle of (7^(711:2) so that 2(0i(i7i:2)-l-02(77i:2)) = 
TT. Moreover, we write 

E,{Hi.. 2 ) = { Rs e 71 : z(iJi: 3 ) e Wp n C,{Hi, 2 ), A(iJi, 3 ) C R(Ri: 3 ) < p-H }. 

We provide below a suitable upper bound for Gp{Hi, H 2 ) defined as 

Gp{Hi,H 2 ) ■= / 1a(Hi:3)cw,(p) /^(dRs) 

J A 

= f ^H3eEi{Hi:2) Pi.dHs). (16) 

To do this, we first establish the following lemma. 

Lemma 6. Let Hi, H 2 (z A he fixed and let H 3 G Ei{Hi-, 2 ) for some 1 < i < 2, then 

(i) H 3 n Wc-p yf 0, for some c, 

(ii) H^iAB (^{Hi-, 2 ), 

(Hi) |u(iLi: 2 )| < c • q{pYG^ for some c. 

Proof of Lemma 6 . The first statement is a consequence of the fact that 

d{Q,HY < \z{Hi..Y\+d{z{Hi,Y,HY < ir-G^pE^ + p-h < c-p^^. 


For the second statement, we have 


d{v{Hi:2),H3) < \v{Hi.,2) 


z{Hi,3)\+d{z{Hi,3),H3) < 


R{Hi-.3) 
sin 9i{Hi:2) 


+ p ^t < 


c-p 


sin 9i{Hi.,2) 


since R{Hi, 3 ) = |u(i7i:2) — z{Hi,Y \ ■ sin0^(771,2). Finally, the third statement comes from the fact that 
v{Hi, 2 ) e '^q(p) since A(77i:3) C '^q{p)- □ 





We apply below the first statement of Lemma 6 when 9i{Hi-2) is small enough and the second one 
otherwise. More precisely, it follows from (16) and Lemma 6 that 


Gp(i?l, i?2) < ^ / ll-//3nWc.p#0 l|«(/i-i, 2 )|<c.g(p)i /2 lsinei(ffi:2)<p-3/2 

i—i Ja 


+ / 1 


_4 


hv{Hl:2)\<C-qipV/^ lsinei(//i:2)>p-3/2 ■ 


(17) 


Integrating over and applying (6) to 

B:=Wp.p = i3(0,ci/V/') and B':= B (v{H^.. 2 ), . f 

V sm / 

we obtain 


Gp{Hl,H2) <C-'^ f P^^^lsinei(//i:2)<p-3/2 + ^)lsinei(ffi^2)>p-3/2 j 

i—1 ^ V • / / 


^ ^h(ffl:2)|<C-9(p)l/2 • 


Applying the fact that 


rp, 2 (t) = J Gp{Hi,H 2 ffJ.idHi.. 2 ) and ^^(oi + &*)^ <4^(a-+&-) 


for any ai, 02 ,6i, &2 G R-, it follows from (18) that 


oAt) - E /42 (^^-e.(^^l: 2 )<p- 3 /^ + 

^ ^h(ffr2)|<c-5(p)i/2 AdHi-A 


(18) 


For any couple of lines {Hi,H 2 ) G A'^ such that Hi = H{ui,ti) and H 2 = H{u 2 , ^ 2 ) for some Ui,U 2 G S 
and <i ,<2 > 0, let 9{Hi,H2) G |) be the oriented half angle between the vectors ui and U 2 . In 
particular, the quantity |0(i7i:2)| is equal to 0i(i7i:2) or 02(77i:2)- This implies that 


fpA^) ^plsin6»(ffi:2)<p-^''^ + sin^ 0(i7i-2) ) ^«(Ji'i:2)e[o,f) 

X lh(ffi: 2 )|<c-g(p)i /2 AdHi-A- 


(19) 


With each v = (^1,^2) G R^, p G [ 0 , 27 r) and 9 G [0,7r/2), we associate two lines Hi and H2 as 
follows. We first define L{vi,V2, P) as the line containing v = (ui,U 2 ) with normal vector P, where 
for any a G [ 0 , 27 r), we write a = (cos a, sin a). Then we define Hi and H2 as the lines containing 
V = (yi,V2) with angles 9 and —9 with respect to L(vi,V2-, P) respectively. These lines can be written 
as Hi = H{ui,ti) and H 2 = HA 2 A 2 ) with 

Ml := Ui{P,9) := P-h, 

ti := ti(Mi,M2,/3, 0 ) := |-sin (/3 - 6»)i;i+cos (,5 - 6»)m2| , 

M2 := U2(P,9) := P + h, 

t2 '■= t2{vi,V2, PA) '■= |sin (/3 + 0 )mi + cos (/3 + 6»)m2| . 
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Denoting by a, the unique real number in [0,27r) such that a = a mod 27r, we define 

X [0, 27r) x [0, |) —R+ x [0,27r) x R+ x [0,27r) 

{vi,V2,13,9) I—s> [ti{vi,V2,l3,9), P -9, t2ivi,V2, P,9), P + 9) . 

Modulo null sets, ip is a diffeomorphism with Jacobian Jip given by \Jip{vi,V 2 , P,9)\ = 2 sin 20 for 
any point (vi,V 2 , P,9) where ip is differentiable. Taking the change of variables as defined above, we 
deduce from (19) that 


^p,2(t) ^ c * j J' sin(20) 3~ ^ d9dpdv 

= O {log p ■ q{p) ■ p-^) . 

As a consequence of (10), the last term converges to 0 as p goes to infinity. 

The above combined with (12), (15) and Theorem 5 concludes the proof of Proposition 3. 


( 20 ) 

□ 

□ 


Proof of Lemma 4, (i) • Almost surely, there exists a unique triangle with incentre contained in ^q(p), 
denoted by Awp [»’], such that 

2 :(AwpH)GWp and i?(Awp H) = ^Wp H. 

Also, 0(Awp[?']) is the incentre of a cell of ttIpht if and only if X n i3(Awp[?’]) = 0- Since mwp[r] > 
m-w^ [r], this implies that 

^Wp[?’] = WWpH 31 < fc < r such that ic H B{A'w^[k]) ^ 0. 

In particular, for any e > 0, we obtain 

r , 

P (mWpH yf mWpH) < ^ [ P (|x n B{Aw^[k]) 0 , i?(Awp[/=]) < 

+ p(i?(Awp[fc])>p-'+")). (21) 


The second term of the series converges to 0 as p goes to infinity thanks to Proposition 3. For the first 
term, we obtain for any 1 < A: < r, that 


P n iJ(Awp[A:]) yf 0, i?(Awp[A:]) < p 

( 


-l+s 


) 


< p 


< E 


u {z{Hi,3) G Wp} n {i?(iii:3) < p-'+"} n {H4 n B{z{H,,3),p-^+n ^ 0 } 


Yffl:4GX« 


lz(iri:3)GWp lfl(//i:3)<p-l+= lff4nB(0(ffl:3).p-l + D7^0 


Bl:4GXf 


— / lz(Bl:3)GWp 1 b(Bi; 3 )<P -1 + = lB4nB(2(Bl:3).p-l + D5^0 

JA^ 


where the last line comes from Mecke-Slivnyak’s formula (Corollary 3.2.3 in Schneider and Weil [21]). 
Applying the Blaschke-Petkantschin change of variables, we obtain 


P (xniJ(AwpW) y^ 0, i?(Awp[fc]) < p-'+") 

P — ^ 

<c- / / / a{ui,3)lH^r)B{z,p-i+'^)^0 p{dH4)(T{dui..3)drdz. 

JWp Jo Ja 
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As a consequence of (4) and (6), we have 

/ = c-p 

JA 


Olilv^C ^’pj - /-'• -LOjXVlil^ C 2 5 W C- v-lCv-l LiV^C- J-JC-AIJ 

Proof of Theorem 2 . Let e G (0, be fixed. For any 1 < fc < r, we write 


and ui :3 G S^, we obtain 


<c-p-i+2^ 

(22) 

4, (i) from (21) and (22). 

□ 


P (^Cw.ifc]) ^ 3 

= P (n{Cw^[k]) > 4, TOWp[fc] > + P (niCwp[k]) > 4, mw^ik] < p 


—1 + £ 


According to Proposition 3, Lemma 4, (i) and the fact that m-w^[k] > mw [k], the first term of the 
right-hand side converges to 0 as p goes to infinity. For the second term, we obtain from (3) that 

P (n{C'w [k]) > 4, rri'wjk] < < P ( min R{C) < 

\ ^ / \ CGITIpht, 

V(C)GWp,n(C)>4 

< E ^ tji(^c)<p-'^+'^ 1„(C)>4 

C G tripHT ; 

z(C)GWp 

= TTp • P (r{C) < p-l+^ n{C) > 4 ). (23) 

We give below an integral representation of P(i?(C) < ^ n(C) > 4). Let r > 0 and ui,U 2 ,U 3 G S 

be fixed. We denote by A(ui: 3 ,r) the triangle A{H{ui,r),H{u 2 ,r),H{u 3 ,r)). Let us notice that 
the random polygon (^(X, ui: 3 , r), as defined in (8), satisfies n(C(X, ui: 3 , r)) > 4 if and only if X G 
A (A(Mi: 3 ,r) \ i?(0,r)). According to (5) and (7), this implies that 


7rp-p(i7(C) <p■^+^ n{C) > 4 ) 


C f ( 

1 _ g-'/'(A(“l:3,'r)\B(0.r))A 

Jo Js3 ^ 

J 


^ JA 
24 

Using the fact that 1 — e““ < x for all a: G R and the fact that 
</'(A(ui:3,r) \ B( 0 ,r)) < (/)(A(ui:3, r)) = r£(A(ui:3)) 
according to (6), we get 

r 

Tip - P {r{C) < p“^+®, n(C) > 4^ < ^ y J re~‘^^^e{A{ui-. 3 ))a{dui: 3 )dr 

This together with (23) gives that 

P (n{Cw^[k]) > 4, m^^v [k] < p“^+^) —S> 0. 

\ / p—>-oo 


□ 
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Proof of Lemma 4, (ii). Since m'Wp[r] ^ mwp[f] if and only if A (Cwpl^]) H yf 0 for some 

1 < /c < r, we get for any e > 0 

P (™WpH yf wwpH) 

< ^ ( P (i?(Cwp[fc]) > + P (n(Cwp[fc]) s) 

k=l \ 

+ P (a (Cwp[fc]) n yf 0 , n(Cwp[fc]) = 3, i?(Cwp[A]) < ) • (24) 


As in the proof of Theorem 2, the first term of the series converges to zero. The same fact is also true 
for the second term as a consequence of Theorem 2. Moreover, for any 1 < fc < r, we have 

P (a (Cwplfc]) n 0, n(Cwp[fc]) = 3, i?(Cwp[fc]) < 

< p ( U {xn A(iJi,3) = 0 , 2(Tfi:3) e Wp, A(Tfi,3) n yf 0 , i?(iJi,3) < 

Vffi,3GX^ 


< y ^ P P A(i/i:3) — 0^ liy(r/i:3)<p-^+' ^ {dHi-.s) 

J 

where the second and the third inequalities come from Mecke-Slivnyak’s formula and (5) respectively. 
Using the fact that 


and applying the Blaschke-Petkantschin formula, we get 
P (a (Cwp[fc]) n W^(^) y^ 0, n(C'wp[fc]) = 3 ) < c - 

According to (10), the last term converges to zero. This together with (24) completes the proof of 
Lemma 4, (ii). □ 

Proof of Theorem 1, (i). The proof follows immediately from Proposition 3 and Lemma 4. □ 

Remark. As mentioned on page 6, we introduce an auxiliary function q{p) to avoid boundary effects. 
This addition was necessary to prove the convergence of Pp, 2 (t) in (20). 


4 Technical results 

In this section, we establish two results which will be needed in order to derive the asymptotic behaviour 
of Mwp [r] ■ 

4.1 Poisson approximation 

Consider a measurable function /: /C —>■ R and a threshold Vp such that Up —> 00 as p —> 00 . The cells 
C G rripHT such that f{C) > Vp and z{C) G Wp are called the exceedanees. A classical tool in extreme 
value theory is to estimate the limiting distribution of the number of exceedances by a Poisson random 
variable. In our case, we achieve this with the following lemma. 
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Lemma 7. Let ttIpht be a Poisson line tessellation embedded in and suppose that for any K > 1, 


C'i:R:^(tRpht)^ 
_ z{Ci:k)^^p 

Then 




p—>^oo 


(25) 


Proof of Lemma 7. Let the number of exceedance cells be denoted 


^(^p) ■- T ^f(C)>Vp ■ 
C G rnpHT; 

^(C)GWp 


Let 1 < K < n and let {]^} denote the Stirling number of the second kind. According to (25), we have 


E[U{v,r] = E 



U{vp) ■ {U{v,) - 1) • (C7(pp) - 2) ... {U{vp) -K + 1) 



T ^fiCl:K)>Vp 
_z{Ci:k)^^P 


p—>-oo 



r 


K 


= E[Po(r)"]. 


Thus by the method of moments, U{vp) converges in distribution to a Poisson distributed random 
variable with mean r. We conclude the proof by noting that M/,w [r] < Vp if and only if U(vp) < 
r-l. " □ 


Lemma 7 can be generalised for any window Wp and for any tessellation in any dimension. A similar 
method was used to provide the asymptotic behaviour for couples of random variables in the particular 
setting of a Poisson-Voronoi tessellation (see Proposition 2 in Calka and Chenavier [3]). The main 
difficulty is applying Lemma 7, and we deal partially with this in the following section. 


4.2 A uniform upper bound for (f for the union of discs 

Let (j) : BfRf) —>■ R+ as in (4). We evaluate (f{B) in the particular case where B = IJi<i<if B{z,,ri) 
is a finite union of balls centred in Zi and with radius ri, 1 < i < K. Closed form representations 
for (j){B) could be provided but these formulas are not of practical interest to us. We provide below 
(see Proposition 8) some approximations for r^)) with simple and quasi-optimal lower 

bounds. 


4.2.1 Connected components of cells 

Our bound will follow by splitting collections of discs into a set of connected components. Suppose we 
are given a threshold Vp such that Vp ^ oo ds, p ^ oo and K > 2 discs B (zi,ri), satisfying Zi G R^, 
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Figure 3: Example connected components for iF = 5 and (ni,. .., tik) = (0,1,1,0,0). 

Ti S R+ and > Wp, for all z = 1,... ,K. We take R := maxi<j<j^ri. The connected components are 
constructed from the graph with vertices B{zi,ri),i = 1,..., K and edges 

B{zi,ri)< — > B{zj,rj) B{zi,R^) n B{zj,R^) ^ 0. (26) 

On the right-hand side, we have chosen radii of the form R^ to provide a simpler lower bound in 
Proposition 8. The size of a component is the number of discs in that component. To refer to these 
components, we use the following notation which is highlighted for ease of reference. 

Notation 

• For all k < K, write nj, := nk{zi-K, R) to denote the number of connected components of size k. 

Observe that in particular, k ■ Uk = K. 

• Suppose that with each component of size k is assigned a unique label 1 < j ^ nk- We then write 
B^^^ := B^\zi-,k, R), to refer to the union of balls in the jth component of size k. 

• Within a component, we write Bj^^r] := bI^\zi:k, R)[r], 1 < r < k, to refer to the ball having 

the rth largest radius in the jth cluster of size k. In particular, we have B We 

also write zl^\r] and r^k\'^] shorthand to refer to the centre and radius of the ball B\^\r]. 


4.2.2 The uniform upper bound 

In extreme value theory, a classical method to investigate the behaviour of the maximum of a sequence 
of random variables relys on checking two conditions of the sequence. One such set of conditions is 
given by Leadbetter [13], who defines the conditions D(un) and D'{un) which represent an asymptotic 
property and a local property of the sequence respectively. We shall make use of analagous conditions 
for the Poisson line tessellation, and it is for this reason that we motivate the different cases concerning 
spatially separated and spatially close balls in Proposition 8. 

Proposition 8. Consider a collection of K disjoint balls, B(zi, rf) for i = 1,..., K such that ri-,K > Vp 
and R := maxi^i^^f r^. 
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(i) When ui-.k = ■ ^ 0 ); \zi — Zj\ > R^, we obtain for p large enough 


K 


IJ B{z^,r^) j > 27r r — 
<i<K 

(ii) (a) for p large enough, 


c-vp. 


4>i U B{zi,ri)\>2'KR+V^nk-p2T:Vp-c-vp, 

^ l<i<K ^ \k^l J 

(h) when R < (1 e)vp, for some e > 0, we have for p large enough 


l<i<K 


K 


K 


[J B {zi, Vi) j > 2'kR + I ^ - 1 1 “^Trvp + ^ nfe(4 - en)vp - 


\k=l 


k=2 


Remark. Suppose that ni-,K = {K, 0,..., 0). 

1. We observe that (27) is quasi-optimal since we also have 

, . K K 

U ^ 'PP(t>(.B{z,,,ri)) = 27r^r,. 

^l<i<K ' 2=1 2=1 


( 27 ) 


C-Vp^. 


(28) 


2. Thanks to (5), (27) and (28), we remark that 


P 



Yl p(xnR(z„r,) = 0 ) 

l<i<K 


<c-Vp 


0 . 


p—¥oo 


The fact that the events considered in the probabilities above tend to be independent is well-known 
and is related to the fact that the tessellation ttIpht satisfies a mixing property (see, for example the 
proof of Theorem 10.5.3 in Schneider and Weil [21].) Our contribution is to provide a uniform rate of 
convergence (in the sense that it does not depend on the centres and the radii) when the balls are distant 
enough (case (i)) and a suitable uniform upper bound for the opposite case (case (ii).) Proposition 8 
will be used to check (25). Before attacking Proposition 8, we first state two lemmas. The first of which 
deals with the case of just two balls. 

Lemma 9. Let zi, Z 2 € R^ and R > ri > r 2 > Vp such that \z 2 — zi\ > ri + r 2 - 

(i) If\z2-z^>R^ we have for p large enough that 

p(^A{B{zi,ri)) n A(B(z 2 ,r 2 ))'j <c-vp. 

(ii) If R< (1 -I- e)vp for some e > 0, then we have for p large enough that 

pi(^A{B{zi,ri)) n A{B{z2,r2))j < 2Trr2 - (4 - £7r)up 

Actually, closed formulas for the measure of all lines intersecting two convex bodies can be found 
in Santalo [20], p33. However, Lemma 9 is more practical since it provides an upper bound which is 
independent of the centres and the radii. The following lemma is a generalisation of the previous result. 

Lemma 10. Let zi-.k & R^^ and R such that, for all 1 < i ^ j < K, we have R > Vi > Vp and 
\zi-Zj\ >r, + rj. 
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(i) U yl(B(zi,r,)) j > ^^27rT^^^[l] 

' k=lj=l 

(ii) If R < (1 + e)vp for some e > 0, we have the following more precise inequality 

/ X if Kfc if 

IJ yl(B(zj,ri)) j >^^27rT[:^^[l]+^nfc(4-e7r)i;p-c-i;;'\ 
^ l<i<if fc=l i=l fc=2 


4.2.3 Proofs 


Proof of Proposition 8. The proof of (i) follows immediately from (4) and Lemma 10, (i). Using the 
fact that [1] > Vp for all 1 < fc < if and 1 < j < Uk such that [1] ^ R, we obtain (iia) and (iib) 
from Lemma 10, (i) and (ii) respectively. □ 


Proof of Lemma 9. As previously mentioned, Santalo [20] provides a general formula for the mea¬ 
sure of all lines intersecting two convex bodies. However, to obtain a more explicit representation 
of p{A{B{zi, ri)) n A{B{z 2 , ^ 2 ))), we re-write his result in the particular setting of two balls. According 
to (2) and the fact that p, is invariant under translations, we obtain with standard computations that 


p (^A{B{zi,ri)) n A{B{z2,r2)) 


Js Jn^ 

I I ^t<ri'^d{z2 — zi,H{u,t))<r2^^^{^'^) 

Js Jti+ 

I I '^t<ri'^\cosa-\z2—zi\ — t\<r2^^^^ 

^f0.27r') JR-l 


'[ 0 , 27 r) JR+ 

= 2 • /(ri,r 2 , \Z 2 - Zi\) 


where 


f{ri,r 2 ,h) 

■= {ri + r2) arcsin - (ri - r2) arcsin - h 1 - - \/1 - ^ 

for all> ri-|-r2. It may be demonstrated that the function ,-2: (ri-|-r2, 00) —?► R+, h f(ri,r2,h) 
is positive, strictly decreasing and converges to zero as h tends to infinity. We now consider each of the 
two cases given above. 

Proof of (i). Suppose that |z2 — zi \ > R^. Using the inequalities, 

ri+r2<2R, arcsin ((ri-|-r2)/(|2:2 - ^ij)) < arcsin( 2 /i?^), ri > r2 
we obtain for p large enough that, 

/(f’iU2, 1^2 - ul) < f{ri,r2,R^) < 4 i?arcsin (Jj) < c-R~^<c-v~^. 

Proof of (ii). Suppose that R< (1 -I- £)up. Since |z2 — ^ij > ri -|- r2, we get 

/(»'iU2,1^2 - ^il) < firi,r2,ri + r2) = 27 rr 2 + 2 (ri - r2) arccos - 4 Vrir 2 . 

Using the inequalities, 

ri>r2>Vp, arccos ri < i? < ( 1 -f £)up, 

we have 


f{ri,r 2 ,\z 2 - zi\) < 27r7’2 + (ri - Up)7r - 4up < 27rr2 - (4 - £7r)up. 


□ 
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Proof of Lemma 10 (i). Using the notation defined in Section 4.2.1, we obtain from Bonferroni inequal¬ 
ities 


o( U =fi( [J U 

^l<i<K ^ ^k<Kj<nk ^ 

K Uk 

- E (29) 

k = lj = l (feljl)/(fe2 J2) 

We begin by observing that for all 1 < fci yf ^2 < and 1 < ji < 1 < j 2 < we have 

L {a n ^ (4^))) < ^ ^,[A n ^ < C • (30) 

l<fl<fcl,l<£2<fc2 

when p is sufficiently large, with the final inequality following directly from Lemma 9, (i) taking ri := 
’’s := In addition, 

> p^AiBi^^l])) = 2n-r^,^\l]. (31) 

We then deduce (i) from (29), (30) and (31). □ 

Proof of Lemma 10 (ii). We proceed along the same lines as in the proof of (i). The only difference 
concerns the lower bound for pi{A{B^'^)). We shall consider two cases. For each of the ni clusters of 
size one, we have p,{A{B^'^)) = 27rr['^9[l]. Otherwise, we obtain 

^^{A{BA^))=p((}A{B\^\^])) 

>p{a{bA\i])\JA{b''^\2])) 

= [1] + 27rr«p] _ ^ (sW^ ^ p])) 

> 27r • r^^^ [1] + (4 - £Tr)vp 

which follows from Lemma 9, (ii). We then deduce (ii) from the previous inequality, (29) and (30). □ 


5 Asymptotics for cells with large inradii 

We begin this section by introducing the following notation. Let t > 0, be fixed. 

Notation 

• We shall denote the threshold and the mean number of cells having an inradius larger than the 
threshold respectively as 

Vp ■■= Vp{t) := ^ (log( 7 rp) +1) and r := T{t) := e“*. (32) 

• For any iF > 1 and for any iF-tuple of convex bodies Ci,..., Ck such that each Ci has a unique 
inball, define the events 


BCi:K '■= ■ 

< min RiCi) > v^, i?(C'i) = max Ci >, 

L l<i<K ^ ^<i<K J 

(33) 

l[ 

o O 

( VI < i yf j < iF, B(Ci) n B(C^) = 0 |. 

(34) 
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:= ifE 


( 35 ) 


G(TnpHT)^ 5 


The proof for Theorem 1, Part (ii) , will then follow by applying Lemma 7 and showing that (p) —>■ 
as p —>■ oo, for every fixed K >1. To begin, we observe that I^^\p) —t t as p —>■ oo as a consequence of 
(9) and (32). The rest of this section is devoted to considering the case when K >2. Given a iE-tuple of 
cells Ci:K in vripHTi we use L{Ci-,k) to denote the number lines of X (without repetition) which intersect 
the inballs of the cells. It follows that 3 < L{Ci-k) < "iK since the inball of every cell in tUpht intersects 
exactly three lines (almost surely.) We shall take 

{iLl, . . . , := {i7i(C'i:i^), . . . ,i7i(Cpx)(C'i:if)} 

to represent the set of lines in X intersecting the inballs of the cells Ci-k- We remark that conditional 
on the event L{Ci-k) = 3iE, none of the inballs of the cells share any lines in common. To apply the 
bounds we obtained in Section 4.2, we will split the cells up into clusters based on the proximity of 
their inballs using the procedure outlined in Section 4.2.1. In particular, we define 


ni-K{Ci-K) '■= ni-K{z{Ci-K),R{Ci)). 

We may now re-write I^^\p) by summing over events conditioned on the number of clusters of each 
size and depending on whether or not the inballs of the cells share any lines of the process, 

i(^Hp) = K Y. {4T^Hp) + lt'-’'\p)), (36) 

where the size of each cluster of size k is represented by a tuple contained in 

K 

k=l 

and where for any ni-.x & J^k we write 


r("i:K) 

Igc 


(p) := E 


C'l:iC^(nXpHT)^ T 

z{Ci:k)^W^ 


^ni:K{Cl-.K)—ni:K ^ L (Cl: ) — 3/C 5 


(37) 


:=E 


E 

Cl:K^ (nXpHT ) ^ , 

z(Ci:if)ew,f 


Ifif- 


Eniijf (Ci:ji:)=ni;if '^L{Ci-.k)<3K 


( 38 ) 


The following proposition deals with the asymptotic behaviours of these functions. 
Proposition 11. Using the notation given in (37) and (38), 










Figure 4: 


Example of configuration of inballs and lines, with associated configuration graph. 


(ii) for all ui-k G Mr \ 0,... ,0)}, we have —> 0, 

p —>-00 

(in) for all ui-.k S J^k, we have —> 0. 

p—^OQ 

The convergences in Proposition 11 can be understood intuitively as follows. For (i), the inradii of 
the cells behave as though they are independent, since they are far apart and no line in the process 
touches more than one of the inballs in the /f-tuple (even though two cells in the /f-tuple may share a 
line.) For (ii), we are able to show that with high probability the inradii of neighbouring cells cannot 
simultaneously exceed the level Vp, due to Proposition 8, Part (ii). Finally, to obtain the bound in (iii) 
we use the fact that the proportion of iF-tuples of cells which share at least one line is negligible relative 
to those that do not. 

The graph of configurations For Proposition 11, Part (iii), we will need to represent the dependence 
structure between the cells whose inballs share lines. To do this, we construct the following configuration 
graph. For K >2 and L G { 3,..., 3iF }, let Vc •= { 1, ■ ■ •, } and Fl := { 1,..., L }. We consider the 

bipartite graph GiVc, Vl, E) with vertices V ;= Fc” U and edges E C Vq x Vl- Let 

Ek '■= [J Ek,l, (39) 

L<3K 

where Ar l represents the collection of all graphs which are isomorphic up to relabling of the vertices 
and satisfying 

1. degree(w) = 3,Vu G Vc, 

2. degree(rc) > l,Vw G F^, 

3. neighbours(u) yf neighbours(u'), V(u,u') G (Vc)^. 

We shall use Vq to represent the cells and Vl to represent the lines in a line process, with each graph 
edge implying that a line intersects the inball of a cell. The number of such bipartite graphs is finite 
since < 2^^ so that |Ai^| < iK ■ 2'A^^). 

Proofs 

Proof of Proposition 11 (i). For any 1 < i < K and the 3-tuple of lines := {El[^\E[f'\plf'''), 

we recall that := Ai{E[^^\ E[^‘^\ denotes the unique triangle that can be formed by the 

intersection of the half-spaces induced by the lines For brevity, we write Bi := B{Ai) and 
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We shall often omit the arguments when they are obvious from context. 
Since = I1 r„ and since the lines of X do not intersect the inballs in their interior, we have 


rr.= 


i: ‘ 




{x\Ui<K,j<3ff‘"' }n{Ui<KB4='2 


X lz(Bl:if)GWVf , jc (Bi : K ) = (X,0 ,... .0) 




r(X,0....,0) 




where the last equality comes from (5) and Mecke-Slivnyak’s formula. Applying the Blaschke-Petkantschin 
formula, we get 

/(WpXR+xS3)K 

X lni:K(Bi:if)=(x.o....,o) dzi:Kdri,K u {du^^.^), 

where we recall that is the area of the triangle spanned by G S^. From (27) and (28), we 

have for any 1 < i < K, 

— 27 rW^ r-i ^ ^ ~ ^(LJ < R -^ ^ — 27 rW^ c-v~^ -fi 

e Z^,=i ■ Ieb^.j^ < e j . ^ < e ^-=1 • e p • • 

According to (33), this implies that 


r(A0.....0) 


(P) 


K 


P^oo ^4 J(WpXR+xS3)^ 

X dzi-,K dri-E cr {du^^. '^'^) 


^)ll-r'i>'«p lr-i=maXj<K Pj '^\zi—Zj\>rf for j^i 


Kt 


K 


e ’^(^i )llrj=maxj<jf r' '^\z[-z'-\>p-^l'^r'\ for j^i 


(247r)^ V(WixR+xs3)^ 

X dz[.j^dr[.^ a {du[]'^'’), 

where the last equality comes from (32) and the change of variables z' = p~^^‘^Zi and r[ = Vi — Vp. It 
follows from the monotone convergence theorem that 

Kt^ r 


r(X.0.....0) 


(P) 


p-i-oo (247r)^ 7(vvr^xR+xS3)^ -■ 


ne-“--a („<">') 

i<K 


1\ 

■^ri—maXjCK ‘^j 


dzi:Kdri:K (j{du[]'^^) 




K 


(247r) 


K 


'(WixR+xS3)^ 


^^(■^1:3)^ ‘^^^dzdr a{dui:3) 




p—^oo 


where the last line follows by integrating over z, r and mi: 3 , and by using the fact that A 2 (Wi) = 1 and 
/s3 a(Mi:3) (j{dui:s) = dSTT^. 

□ 


Proof of Proposition 11 (ii). Beginning in the same way as in the proof of (i), we have 


r("l:iir) 


(p) 24* 


- (WpXR+xS3)K V / ■ i.f 

X dzi:Kdri.,K cr , 


i<K 
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/ 1 . o \ 

where the event ^ is defined in (34). Integrating over , we get 






g ,, '^'n.l-.K(zi-K ,ri)=nB,K dZi-.K^Ti^K 

/(W,xR+)^ 

7-('^1:k)/ \ I /-(■^Iik)/ 


= 4saf(p)+4s.f(p), 


where, for any e > 0, the terms and I^^i,‘^\p) are defined as the term of the first line when 

we add the indicator that ri is larger than (l + £:)rip in the integral and the indicator for the complement 
respectively. We provide below a suitable upper bound for these two terms. For I^^i^\p), we obtain 
from Proposition 8 (iia) that 


iK::’ip)<c 


o-(2^’'i + (I]r=l ■^k-l)2TVVp-c-v^ 1) 


J(WpXR+)^ 


i’i>(1+e)i; 


lri=maXj<K Vj 


Integrating over r 2 -.K and zi:k, we obtain 

J (l+£)Up 

X Zi:K e wf : ni..Kizi:K,ri) = Ui-.k }) dri. (40) 

Furthermore, for each ux-.k € Nk \ {{K, 0,..., 0)}, we have 

G wf : ni:if(zi:_R-,ri) = ni:_R- }) < c-pSfc=i”''(41) 

since the number of connected components of IJiLi E{zi,rf) equals J2k=i K follows from (40) and 
(41) that there exists a constant c{K) such that 

•'(l+elt'p 

= o((logp)^(%-^), 

according to (32). For fp), we proceed exactly as for I^^^\p), but this time we apply the bound 
given in Proposition 8 (iib). We obtain 

< c ■ (Ef i”'=)e2--p-Er= dn 

'J Vp 

= o ({log pY ■ 

since for all ni-,K G Mk \ {{K, 0,..., 0)}, there exists a 2 < k < K such that is non-zero. Choosing 
e < A ensures that I^sY}Y\p) —> 0 as p —)■ oo. □ 

Proof of Proposition 11 (iii). Let G = G(Pc') Vl, E) G Kk, with \Vl\ = L and |Vc’| = iF, be a bipartite 
graph as in Page 19. With G, we can associate a (unique up to re-ordering of the lines) way to construct 
K triangles from L lines by taking Vc to denote the set of indices of the triangles, Vl to denote the set 
of indices of the lines and the edges to represent intersections between them. Besides, let Hi,..., Hl 
be an L-tuple of lines. For each 1 < i < iF, let = {efO), efl), 6^(2)} be the tuple of neighbours of 
the ith vertex in Vc- In particular. 


BfG) :=B(AfG)) and Af G) := A (i/e,(o), i^e,( 2 )) 
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denote the inball and the triangle generated by the 3-tuple of lines with indices in e^. An example of 
this configuration graph is given in Figure 4. According to (38), we have 

4 ”""^(p)= E 

GgAk 

where for all ui-.k ^ G G we write 

Ag (d) — E E/ ^{X\Ui<_Lffi}n{Ui<K-Bi(G)}=JZ< (G))gW^ 


(Cl) 




X Ki:KiBi.,K{G))=ni.,K 

X '^ni:KiBi:K{G))=ni..K KdHi:L)- 

We now prove that I^Sg ^\p) —t 0 as p —>■ oo. Suppose first that tii-.k = (AT, 0,..., 0). In this case, we 
obtain from (42), Proposition 8 (iia) and (33) and (34) that 

^(x,0,...,0)/ N , f -2-K-{R{Bi{G)) + {K-l)vp)^ 1 , 

^Sg \P)<c- f e '^^lz(Bi^K(G))eWp lfl(Bi(G))>«p 

Ja^ 


(42) 


X l_R(Bi(G))=max,|<if _R(Bj(G)) lni:jc(Bi:jc(CJ)) = (iC.0,....0) p{dHi.,L) 


< C - p"^ 




(43) 


o((logp)^Wp-5), 


where the second inequality of (43) is a consequence of (32) and Lemma 13 applied to /(r) ;= e 
Suppose now that ui- K G Afft- \ {{K, 0,..., 0)}. In the same spirit as in the proof of Proposition 11 (ii), 
we shall re-write 

4T^ip) = 4e4 (p) + 4e4 (^) (44) 

by adding the indicator that R{Bi{G)) is larger than (l-l-e)up and the opposite in (42). For 4 g^ 4(/^)> 
we similarly apply Proposition 8 (iia) to get 

raiiisr)/ ^ f -2-K{R{Bi(G))+Cy'J^_ nk-l)vp')^ ^ 

'Sc.ae (P) ^ C • / e V t ^1 z(Bi^k(G))gWp lB(Bi(G))>(l+e)^p 

J A^ 


X lB(Bi(G))=max,<xfl(BAG)) lni:if(Bi,;c(G))=ni,;c p{dHi,L) 


<c - {pe-^^^>’) 


-2TTVp\J2k = l 


j.c{K)^-2^r^^ 


= O 


((log p) 


' (1+e)i; 


(45) 


c{K) p-e 


where (45) follows by applying Lemma 13. To prove that I^Sg ^{p) converges to zero, we proceed 
exactly as before but this time applying Proposition 8 (iib). As for I^\‘^\p), we show that 

444(^) = o((iogp)^(^V-^) 

by taking e < A This together with (44) and (45) gives that I^'‘^\p) converges to zero for any 
G A/ic \ {(AT, 0,..., 0)}. □ 

Proof of Theorem 1 (ii). According to Lemma 7, it is now enough to show that for all AT > 1, we have 
/W(p)^r^ as p —7> oo. This fact is a consequence of (36) and Proposition 11. □ 
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A Technical lemmas 

The following technical lemmas are required for the proofs of Proposition 3 and Proposition 11 (iii). 
Lemma 12. Let R,R' >Q and let z' G 
(i) For all Hi G A, we have 

G{Hi) := / m('^^2:3) < C- R- R! ■ td(o^Hi)<R+R' ■ 

Ja^ 


(a) For all Hi,H 2 G A, we have 

G{Hi,H2 ) ■= / tz(Hi.3)GB(z',R/)'l^R{Hi.3)<R < C ■ {R + R'). 

JA 


Lemma 13. Let m-.K G Mi,k, f- R+ —R+, G = G{Vc,Vl,E) G Ar with 3 < L < ‘iK and let 


pini..K) / f(R(Bi{G))) ■ lz(Bi^^(G))GWp (G))=maXj<_K-R(Bj 

JA^ 


:g)) 




where Vp —>■ oo. Then for some constant c{K), we have 

p(ni:K) < r pC(K) 

A' 

Proof of Lemma 12 (i). The following proof reduces to giving the analagous version of the Blaschke- 
Petkanschin type change of variables (Theorem 7.3.2 in Schneider and Weil [21]) in which one of the 
lines is held fixed. We proceed in the same spirit as in the proof of Theorem 7.3.2 in Schneider and Weil 
[21]. Without loss of generality, we can assume that z' = 0 since fi is stationary. Let Hi G A = H{uiAi) 
be fixed, for some ui G S and ti G R. We denote by A%^ C A^ the set of pairs of lines (772, such 
that Hi, H 2 and H^ are in general position and by C the set of pairs of unit vectors {u 2 ,u^) 
such that 0 G R^ belongs to the interior of the convex hull of {Mi,M 2 ,ti 3 }. Then, the mapping 

4>Hi '■ R^ X Pbi -^ Ah^ 

{z,U2,Uii) I-^ {H{u2,t2),H{u3,t3)), 


with ti := {z, Ui) +r and r := d{z, Hi) is bijective. We can easily prove that its Jacobian (z, ^ 2 ,^ 3 ) 
is bounded. Using the fact that (7(0, 77i) < |z(77il : 3)| + R{Hi, 3 ) <77 + 77' provided that z(77i:3) G 
77(0,77') and R{Hi-, 3 ) < 77, it follows that 


G{Hi) < / \J4>Hi{z,U2,U3)\l2^B{0,R')l^d(z,Hi)<Rl^d{0,Hi)<R+R' (^{du2:3)dz 

J-R?ycP 

< c • A 2 (S(0,77') n {Hi © B{Q, 77))) ) <iR-\-R' 

< c - R - R' ■ lld{o,Hi)<R+R' > 

where ^ © 77 denotes the Minkowski sum between two Borel sets A, B G S(R^). □ 

Proof of Lemma 12 (ii). Let Hi and H 2 be fixed and let H 3 be such that z{Hi: 3 ) G B{z',R') and 
R{Hi-. 3 ) < 77. This implies that 

d{z',H 3 ) < \z'-z{Hi, 3 )\ + d{z{Hi.. 3 ),H 3 ) < 77 + 77'. 

Integrating over H 3 , we get 

G(77i,772) < f lld{z',H 3 )<R+R' F{dH 3 ) < c-(77 + 77'). (46) 

JA 

□ 
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Proof of Lemma 13. Our proof will follow by re-writing the set of lines {1,..., |hi|}, as a disjoint union. 
We take 


K 

{i.-.-.IVlI} = IJe* where e* := {ei(0), e,(l), e,(2)} \ [J {ej{0),ej{l),ej{2)}. 

i—1 j<i 

In this way, {e*}i<K niay understood as associating lines of the process with the inballs of the K cells 
under consideration, so that no line is associated with more than one inball. In particular, each inball 
has between zero and three lines associated with it, 0 < |e*| < 3 and |e*| = 3 by definition. We now 
consider two cases depending on the configuration of the clusters, ni.,K G J^k- 

Independent clusters To begin with, we suppose that ni.,K = {K,0,... ,0). For convenience, we 
shall write 

i6e* 


for some arbitrary ordering of the elements, and defining the empty product to be 1. It follows from 
Fubini’s theorem that 


piK,o,...,o) 


(G))GWp lfl(Ai(CJ))>,;;, 


X 



^z{Bj{G))eWp lfl(A2(G))<fl(Bi(G)) 


X 



lz(Bif(G))eWp li^(A^f(G))<i^(Bl(G)) d{dHe*^) 




(47) 


We now consider three possible cases for the inner-most integral above, (47). 

1. If |e^| = 3, the integral equals c • R{Bi{G))p after a Blaschke-Petkanschin change of variables. 

2. If |e^| = 1,2, the integral is bounded by c • p^/^i?(Bi(G)) thanks to Lemma 12 applied with 

R := i?(Bi(G)), i?' := . 

3. If |e^| = 0, the integral decays and we may bound the indicators by one. To simplify our notation 
we just assume the integral is bounded by c • p^^‘^R{Bi{G)). 

To distinguish these cases, we define xt ;= l|e*|<3 > giving 

piK,o,...,o) <c.p^-^ [ R{B,{G))<^) ■ /(i?(i?i(G)))lfl(A,(G))>.;, 1 .(b,(g))gw, 


X 



lB(Ajf(G))<fl(Bi(G)) 1 z(Bk-i(G))gWp 


X fJ.{dHe*^_J ■ ■■p{dHei) 
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Recursively applying the same bound, we deduce from the Blaschke-Petkanschin formula that 


Ja^ 


= c- p 




■ /(r) dr 


Since, by assumption |Vl| < 3X, it follows that Xi = 1 for some i > 1 


1 

p{K,0,...,0) < ^ / ^c(K) . 

J v' 


as required. 

Dependent clusters We now focus on the case in which ni-,K G A/^ \ {{K, 0,..., 0)}. We proceed 
in the same spirit as before. For any 1 < i yf j < iF, we write i?i(G) ^ Bj{G) to specify that the balls 
B{z{Bi{G)), R{Bi{G))^) and B{z{Bj{G)), R{Bi{G))^) are not in the same connected component of 
B{z{Bi{G)), R{Bi{G))^). Then we choose a unique ‘delegate’ convex for each cluster using the 
following indicator, 

ai{Bi:K{G)) := lvi<j, BpG)^Bi{G) ■ 

It follows that Es^i = J2f=i^iiBi :if(G)) and ai{Bi-,K{G)) = 1. The set of all possible ways to 
select the delegates is given by, 

K K 

■= { ^ ■^ai = ^nky 

i—1 k—1 

Then we have. 


p(ni,K) _ y-’ 


f^3 


/(i?(Rl(G)))l2(BpG))GWp li?(Ai(G)); 


X / 1 

Ja'-I' 


z(B3(G))GWp li?(A2(G))<fl(Bi(G)) (G))=a2 


In 


X 



lz(B,^(G))GWp 1 b(Ak(G))<B(Bi(G)) la^(G))=a,f 


p{dHe*J 


X p{dHe*^_^) ■■■ p{dHel) 


For this part, we similarly split into multiple cases and recursively bound the inner-most integral. 

1. When aK = 1, the integral equals c • R{Bi{G))p if = 3 thanks to the Blaschke-Petkanschin 
formula and is bounded by c • p^^^R{Bi{G)) otherwise thanks to Lemma 12. In particular, we 
bound the integral by c • i?(Bi(G))‘’^*-y“^. 

2. When aK = 0, the integral equals c- R{Bi{G)y if = 3 and is bounded by c-i?(Ri(G))^/^ oth¬ 
erwise for similar arguments. In this case, we can also bound the integral by c- R{Bi{G)y^^^p°‘‘^. 


25 




Proceeding in the same way and recursively for all 2 < i < it", we get 


\ ^ poo 

= c- p^.=2“> / r''^^^f{r)dr 


ai-.K^ArL 


E k poo 

J v' 


since 


E 


a.i + 1 


K 


E“* 


K 

Y^k- 

fc=i 


□ 
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